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In this paper we evaluate the induced Lorentz and CPT violating Chern-Simons term in the QED 
action at finite temperature. We do this using the method of derivative expansion of fermion de- 
terminants. Also, we use the imaginary-time formalism to calculate the temperature dependence of 
the Chern-Simons term. 

PACS numbers: 11.10 Wx;11.30. Cp; 11.30 Er 



Recently, the problem of the radiatively induced 
Chern-Simons term in 3+1 dimensions in quantum field 
theory has been addressed in several of papers. Partic- 
ularly, this term has been of much interest in study of 
models that violate Lorentz and CPT symmetry 
In Quantum Electrodynamics, it is known that the 
Lorentz and CPT symmetry is destroyed by adding the 
Chern-Simons term to the Lagrangian density, Cqs — 
\k ll e ixa ^ 1 F a 0A 1 HHU, where fc M is a constant 4- vector. 
The Chern-Simons term can be induced by CPT and 
Lorentz violating axial quantity, 6^7^75, in the La- 
grangian for massive fermions. Therefore, we get the 
modified quantum electrodynamics which predicts bire- 
fringence of light in vacuum and observation of distant 
galaxies puts a stringent bound on [^-^|. 

The purpose of this paper is to compute the induced 
Chern-Simons term and analyze the behavior of the coef- 
ficient of this term when we are taking temperature into 
account. To do this, we use derivative expansion method 
of the fermion determinant || and the imaginary-time 
formalism developed by Matsubara. 

Let us consider a modified QED theory described by 
Lagrangian density 



C = ip — m — 75^ — eJf\ ip, 



(1) 



where & M is a constant 4-vector coupled to axial current 
and Ay, is the external field . We are using natural units, 
c = h = 1, and the Dirac representation for Dirac matri- 
ces. 

The corresponding generating functional is 



Z[A] = / Dip(x)Dip(x) exp 



d A x 



(2) 



We substitute Eq.(|l|) into Eq 
fermion field we obtain 



and integrate over the 
Z[A] = Det(i$ - m - 75/S - e4) = exp[iS eff [A}}. (3) 



No Legendre transformation is required to go from the 
connected vacuum functional to the effective action. 
Thus, The effective action can be written as 



S e ff[A] = —iTrhi[i$ — m — 75^ — eJf\ 



(4) 



Let us write the trace in Eq. in the following equiv- 
alent form, 

Tr ]n[i$ -m- 7 5 - eA] = Tr ln[i@ - m - 75$ + F[A] (5) 
where 

1 



F[A] 



dzTr 



icj) — m — 750 — zeJftix) 



eA\x) 



(6) 



As dp, and A^(x) do not commute, and to perform 
the momentum space integration of the second term 
in Eq.(H), we use the notation i$ — > p and A\x) — > 
A\x — ig^j). Then the Eq.(Q) can be written as 



Seff[A] = si%[A]+Sl'-/ fe [A}, 



(i) 



where 



J eff 



[A] 



and 



S$ f [A] 



1 I dz 
'0 



iTr hx\i(j 
d A p 



750] 



(7) 
(8) 

(9) 



x tr 



a — 4( x ) 

p-m- 750 - ze4(x - i-^) 



The Eq.(H) has been analyzed in detail in Ref. 0. 

Here, we study the second term of S^yMA], and we are 
keeping only first order derivative terms which are linear 
in and quadratic in jjL. Using the operator expansion 
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we can write Eq. (g) as 

s 2 
2 

x tr" 



d 4 x 



d 4 p 



1 



j> — m 

15P 



(2tt) 4 



after use the relation 

_5 1_ 

9p M ^ - m 



dpn i>-m i> 
- — L 



dp^ i>-m 



4} (10) 



-7" 
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As can be seen by power counting the momentum integral 
has terms which diverge logarithmically, and to regular- 
ize the expression, we use the dimensional regularization 
method. Carrying out the tr of the 7 matrices Eq.(pT 
takes the form 



*8>/M = "T 

where N is given by 



d 4 . 



d 4 p 
(2tt) 4 



N 



(11) 



;/r) ^ M <T ^ m 2 



AT = -4i(p 2 - ™ 2 

X badpAaAp. 

Lorentz invariance ensures that 
d D q 



(p 2 - m 2 ) 4 _ 
p 2 ) - ie a ^ u p v p a ] (12) 



(27T) 



9nv f d u q 



D 



<?W) (13) 



where D is the dimension of the space time. So, N can 
be written as 



N = -12m 2 i{p 2 - m 2 )e a0,ux b a d„A a A 



0- 



(14) 



Observe that the terms that contain p 2 and p v p a in 
Eq.(|l2|) cancel when we use the Eq.(|l3|) with D = 4. 
In this way, the logarithmical divergent terms in Eq. jll| ) 
disappear, so that we can rewrite the effective action as 



6im e 



2„2 



d 4 p 



1 



x e 



(2tt) 4 V (p 2 - m 2 ) 3 
a ^°b a j d 4 xd^Ap, 



(15) 



Note that Eq.(15) is finite by power counting. 

From now on, we are interested in the induced Chern 
Simons term taking temperature into account. (For a re 
view see ]lC)[].) To do this, it is convenient to work h 
Euclidean space then Eq.(|15|) can be written as 



6m 2 e 2 



d 4 p E 



1 



(2tt) 4 \ {p 2 E + m 2 f 
x e a ^ a b a \{-i)d 4 x E d^A a Ap 



(16) 



where for Euclidean momentum p^, we define the real 
variable P4 by po = ip4 Thus, p 2 — —p E , and p 2 E = 
P 2 +Pa, the standard Euclidean square of a vector. Also, 
we have considered d 4 p — id 4 p E , xq — —ix^, and d 4 x = 
— id 4 x E . 

If we assume that the system is in thermal equilib- 
rium with a reservoir at temperature /3 _1 we may use 
the Matsubara formalism. In this case we have to per- 
form the replacements w — ► w n — (n + l/2)27r//3 and 
(1/271") / dp° E = l//?En- Then E q-© takes the form 

S$ f [A] = ~i6e 2 f(m 2 ,f3)e a ^b a J d 4 x E d^A a A (i (17) 

where f{m 2 , f3) is given by 

v ' n— — 00 x ' 

First of all, we performing the sum operation in Eq([l8|) . 
As result, we obtain the polynomial expression of third 
order in tanh(x). The follow in step is substitute 
tanh(x) — ► 1 — 2Tx> and Tt> is given by 



1 



exp(/?\/p 2 + m 2 ) + 1 



The function f(m 2 ,(3) takes the form 
.2 m / d3 P 



/(™ 2 ,/3) = J j^[A(p\m 2 ,{3) 

+ B(p 2 ,m 2 ,/3) / 9 + C(p 2 ,m 2 ,/3)/? 2 



(19) 



(20) 



The terms A(p 2 ,m 2 7 f3), B(p 2 ,m 2 ,(3) and C(p 2 , to 2 , /3) 
are 



-4(p 2 ,m 2 ,/3) 



16 (p 2 + to 2 ) 5 / 2 



[1 - 2^ D ] 



(21) 



B( P 2 , m 2 , /?) = ^, [1 - , (22) 



and 

C( P 2 ,TO 2 ,/?) 



1 TO 



8 (p 2 + TO 2 ) 3 /2 



^[1-3^ + 2^] (23) 



observe that at zero temperature the term Tx> and 
we have 

A{p 2 ,m 2 ,f3 -> 00) 



16 (p2 + m 2 ) 5 / 2 



while the other terms B(p 2 ,m 2 , (3 — > 00) — » and 
C(p 2 ,to 2 ,/3 -► 00) -> 0. So, at zero temperature we 
get 



/(m 2 ,/3) 



d 3 t 



16 7 (2tt) 3 (p 2 + m 2 ) 5 / 2 ' 



(24) 
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To evaluate the momentum integration we use the rela- 
tion 



d D p 



1 



1 ir D / 2 



(2tt) D (P 2 + a 2 ) s (2ir) D T(s) 



T(a-D/2) (25) 



(« 2 ) 1 

so that the Eq.(p^) becomes 
/(m 2 ,,3) 



1 



32tt 2 



(26) 



We use this result into Eq.(17) to obtain 
3e 2 



16tt 2 



a ^°K (-i)d 4 xd^A a A p . (27) 



This is the Chern-Simons term induced to zero temper- 
ature. Observe that this result is finite and is consistent 
with the computation of the vacuum polarization dia- 
gram with fermion propagator Sf = {$ — m — lbf>) made 
in the Ref. |J|. 

It is straightforward to verify that in the limit of 
high temperature, — ► 0, the term J--p — * \. 



Then, A(p 2 ,m 2 ,f3 — ► 0) — ► and the other terms 
B(p 2 ,m 2 ,/3 -» 0) and C(p 2 ,m 2 ,(3 -> 0) are different of 
zero and independent of (3. On the other hand, as we 
can see in Eq.(pp|) these terms are multiplied by (3 and 
1 respectively in the numerator thus f(m 2 ,/3 — > 0) is 
zero. 

Let us summarize our results: The coefficient of the 
induced Chern-Simons term behaves monotonically de- 
scendent with /3(1/T), such that when (3 — > oo (T — > we 
reproduce the same result obtained by Jackiw and Kost- 
elecky [0. In the limit of /3 — > 0(T — » oo) the coefficient 
goes to zero. Therefore, Lorentz and CPT symmetries 
are restored only when the temperature goes to infinity. 
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